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High-order finite volume schemes for unstructured meshes fst appeared in the literature at least as early
as Barth and Frederickson’s 1990 papetf: However, the approach has not gained a wide following, perhas
because of the difficulties in achieving a genuinely high-aier accurate solution, especially when dealing with
curved boundaries. In this paper, we document in detail our @proach to constructing a high-order solver.
In addition to reconstruction, we discuss flux integration ad curved boundary treatment. We describe how
we tackle each of these issues, provide useful testing praees to verify code correctness, and illustrate the
results of mis-handling various small but important details.

. Introduction

Since Barth and Frederickson’s pioneering wbri,number of researchers have studied high-order (by which
we mean third- and fourth-order accurate) finite-volumehmods for computational aerodynamics using unstructured
meshe& For the most part, however, these researchers tend to ddh&mselves primarily with showing that high-
order schemes are superior in accuracy to second-ordemssheithout quantifying the order of accuracy of their
scheme. Some of the research described in the literatwwexgsicitly fails to implement all terms to high-order aecu
racy. These observation applies also to much of the researtligh-order methods for computational aerodynamics
on structured meshes [10-12, for instance]. Despite theracg benefits of high-order schemes on a particular mesh
(which, it is fair to say, are relatively undisputed), th@sethods have not developed a wide following in the research
community. We speculate that there are two reasons for fint; developing a genuinely high-order accurate flow
solver requires attention to a large number of details, ndnyhich are not documented in the literature; and second,
high-order schemes are perceived as requiring prohib@®e& time and/or memory. This paper will address the first
of these issues by relating our experi¢hé&&18in developing and demonstrating a high-order accurateesdr the
Euler equations. The issue of efficiency, on which we hawve mlade significant progress, is the topic of a companion
paper.

This paper is intended as and organized to be a practicaéguithe construction of a high-order accurate finite-
volume flow solver. We discuss in turn important, if sometsnsebtle, issues related to solution reconstruction (Sec-
tion 11), flux integration (Section Il), and curved bounglareatment (Section V). In each section, we describe a key
element for achieving high-order accuracy as well as thingeprocedures we have developed in verifying our code
and the descriptions of common pitfalls in algorithm depahent, including examples of the effects of these potential
errors. Finally, Section V contains a summary and some caiireg) remarks.

[I.  Solution Reconstruction

The first and most obvious feature of a high-order accurastructured mesh finite-volume solver is a high-order
reconstruction. Although there are other alternativesémond-order schemes (notably Green-Gauss reconstr)jctio
obtaining higher than second-order accuracy requires plicépolynomial reconstruction. In this work, we will fas
on k-exact least-squares reconstruction (8¢ for instance); the use of ENGbr WENO'-8 reconstruction would
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alter the approach taken to compute reconstruction polyalspthough not the need to properly ensure conservation
of the mean, as described below.

The techniques of high-order accur&t@xact reconstruction are well documented elsewhere, ang \we will
content ourselves with a brief summary, referring intezdseaders to Barth and Frederick$on Ollivier-Gooch and
Van Altend* for details.

In the finite-volume method, the domain is tessellated imio-averlapping control volumes. Each control volume
Vi has a geometric reference poiyt While in principle any point can be chosen as the referemietpthe usual
choices (which we recommend) are the cell centroid for cetitered control volumes and the vertex for vertex-
centered control volumes. For any smooth functigx) and its control-volume averaged valugsthek-exact least-
squares reconstruction will use a compact stencil in thghimrhood of control volumeto compute an expansion
Ri(X—%;) that conserves the mean in control voluna@d reconstructs exactly polynomials of degréle(equivalently,
R(X—%)—u(x) = O (AX<t1))

Conservation of the mean requires that the average of tlmsticted functiolR and the original function over
control volumei be the same:

VI/R,X di_Vl/l (R dA= . (1)
The expansioR (X— ;) can be written as:

ou ou
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Taking the control volume average of this expansion ovetrobmolumei and equating it to the mean value gives

_ _ du| _ @4 ﬁ 0%u 02| y?
u = U|xi+Q|ziX‘+ay yit x|, Xy |, 0y2 2T 3)
where
Xym iEAl/X )" (y — yi)"dA. (4)

are control volume moments.

kth-order accuracy requires that we compute ktiederivatives by minimizing the error in predicting the mea
value of the reconstructed function for control volumeshie StenciI{Vj}i; that is, by minimizing the difference
between the actual control volume averageand the average d& over control volumej. The mean value, for a
single control volume&/j, of the reconstructed functidR is

:J VJR(X %)dA = uly + gzy (:J /v,(x X.)dA)+g—;% (:J /v,(y yl)dA) (5)
23 (& o) 22, [omi-oo)
gi;; . (%/\/j(Y—Yi)ZdA) +-.

To avoid computing moments of each control volumé\ilp}i aboutx;, replacex—x; andy —y; with (Xx—x;) + (X; —Xi)
and(y—vyj) + (y; — i), respectively. Expanding and integrating, we obtain
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This equation is written for every control volume in the stiérfof which there must be more than the number of
derivatives to be computed). Together with the mean constthese error equations and the mean constraint form a
constrained least-squares system:

- _ _ — — - u
1 X y X2 Xy y2 % Ui
Wi WXy Wo¥ o WP WY, W YR, g_; T,
W, WizXz WizAiz WizX2i2 WizAiz Wizyziz 19%u U,
- - > o > 292 = _ , (7
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o o > o - 2.0y? -
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[
where the first row is the mean constraint, and the geometmicg have been abbreviated as
i 1
TS Kj/v‘((x_xj)"‘(xj_Xi))n((y—Yj)+(Yj_Yi))mdA (8)
J
m m' | n n! kﬁ
= |Z(){7I!(m—l)!(yj_yi) kZO K01 X X)Xy
and the weights are set to emphasize geometrically neathy da
1
W= ———. 9
U -x[

Note that there is some question about the optimal choichefkponenp used in this weight; we find that for
inviscid problems choosing = 1 is typically the best choice in terms of promoting rapidwengencé

As a practical matter, the control volume moments defineddpyaion 4 are easiest to compute by using Gauss’s
theorem to convert them to integrals arowhd

R = o L G0 =y (10

whererix is the x-component of the outward unit normal on the control volunoairidary, and similarly in three
dimensions. Converting the integral to a contour integsalubing Green'’s theorem gives identical 2D results in
theory. In practice, for straight control volume boundayitae numerical integration is identical as well; howefar,
curved control volume boundaries (see Section 1V), Gauks'srem gives an integral that is much easier to evaluate
numerically. The integrals of Equation. 10 may be evaluataattly by using a Gaussian quadrature of appropriate
order along each segment of the boundary of the control veJ@s described in Table 1. Moment calculations can be
verified by hand for individual control volumes. A less laloms check that is also effective is to use the generalimatio
of the parallel axis theorem to compute moments for the @dtdimain by combining the moments of individual control
volumes. That is, one can compute

/Q X"y"dA

g//cvx”y’”dA
= g//cv(x_xi+>q)”(y—yi+yi)mdA

The latter integral is exactly equivalent to computm/@g\mij, of Equation 8, withX, = 0. While this test is not com-
pletely rigorous, passing this test for all moments withkenomoment calculation code would require such an unlikely
chain of coincidences that we have confidence in the test.

Typically, the least-squares problem of Equation 7 is dituaded with the mean constraint eliminated analyt-
ically. After solving the remaining unconstrained leagtrares problem, the mean constraint (Equation 1) must be
used to compute the constant term in the expansion.

3For viscous flows, the situation is even less clear. Sevesalarchers have studied this topic for second-order s
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Moment Required for Order> | Number of Gauss Point#

Area 1 1

X,y 2 2

X2, Xy, y2 3 2
X3, X2y, xy?,y3 4 3

Table 1. The minimum number of quadrature points required for computing control volume moments by integration around the control
volume, a la Equation 10.

The correctness of reconstruction can be tested by confirthiaxt all monomials of degre€ k are reconstructed
exactly. A prerequisite for this test, obviously, is thahtol volume averages can be computed to at least the order
of accuracy of the reconstruction being tested; see Settidar details on how to do this for control volumes with
curved boundaries. We recommend using this test, as it lsdabmplete test and an efficient one, in that errors in
correctly reconstructing a particular monomial are neaflyays traceable to errors in the corresponding column of
the least-squares system, either in moment calculatioradrixrassembly.

In addition to testing monomials, we also recommend tes&egnstruction of an arbitrary smooth function on a
geometrically simple domain, to confirm that both maximunoe(L., norm) and average errok{ and/orL, norms)
behave as expected. We show here the results of reconstticé function

f (x,y) = sin(Tx) cos(2my)

over the square domali®, 1] x [0,1]. A series of five quasi-uniform triangular meshes was gerdravithin a unit
square, ranging in size from 82 to 21087 cells (55 to 107480em). The test functiof (x,y) was averaged over the
control volumes using a six-order accurate quadrature’uéend these control volume averages were reconstructed
using linear, quadratic, and cubic reconstruction. Retranson error is assessed in theandL, norms by integrating
the difference between original function and the recomsiion over the domain, control volume by control volume,
again using a sixth-order quadrature to avoid muddying thters with integration errors. THg, norm is evaluated
by finding the largest difference between the function ardmstruction at any of the quadrature points in the domain.
The results are shown in Figure 1. As expected, both cell~anigx-centered schemes show well-behaved conver-
gence of the reconstruction to the original function, in $kase that asymptotic convergence rates are achieved even
for very coarse meshes. In addition, the reconstructioor ésralways decreased by increasing the order of accuracy
for cell-centered schemes; for vertex-centered recoastmi on very coarse meshes, this case shows little difteren
between the linear and quadratic reconstructions. Fintdll accompanying table shows the computed asymptotic
order of accuracy, based on the three finest meshes; in a chee nominal order is achieved for theandL, norms;
the data folL., norms, while less perfectly behaved, still shows convergeates that are quite close to the nominal
order of accuracy, especially for cell-centered contrdlres.

Equation 3 clearly implies that the value at the control wadureference point must be computed explicitly rather
than simply using the control volume average as the referpomt valueu; in the expansion oR;. Neglecting this
key pointintroduces a second-order error in the soluti@onstruction when the control volume centroid is used at the
reference point, as shown in Figure 2a for thenorm. The high-order schemes degenerate to second-omiacay
in this case, with somewhat less error than the second-sateyme because curvature effects are captured by the
reconstruction; also, note that the broken third- and fowrder schemes show identical behavior for fine meshes,
where the differences between them are swamped by the laxgeire the mean value. For vertex-centered control
volumes, the situation is even worse, with even a linearnisttaction producing errors if the offset is not taken into
account, as shown in Figure 2b, with the largest errors intgrafalling near the domain boundary, where the distance
between vertices and control volume centroids is the larges

lll. Flux Integration

Given a correct high-order reconstruction, as describedemrevious section, correct high-order flux calculation
is a straightforward matter of applying a flux function. Tongoute a high-order flux integral from this high-order
flux data requires a numerical quadrature scheme of commeaesaccuracy. In two dimensions, we prefer Gauss
guadrature because of its efficiency: Gauss quadrature wthints can exactly integrate polynomials of degree
2n—1. For flux integration in three dimensions, quadraturegalee more complex; we integrate over triangles using
the following rules recommended by Stroud and Sectest:
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(f) Lo Norm, Vertex-Centered Control Vol-

umes umes umes
Control Volume | Nominal | Actual Asymptotic Order
Type Order ] ‘ Lo ‘ Lo
2 2.008| 1.996| 1.805
Cell 3 3.000| 2.990| 2.944
4 3.994| 3.983| 3.996
2 2.107| 2.079| 1.786
Vertex 3 3.013| 3.021| 2.819
4 4.123| 4.075| 3.628
Figure 1. Errors in a correct reconstruction scheme will coverge at the nominal order of accuracy in all norms.
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Figure 2. The effects of failing to properly conserve the meain computing a high-order reconstruction are severe, redaing all schemes to
second-order accuracy for cell-centered control volumesand to first-order accuracy for vertex-centered control volumes.
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| | Point Location| Weight |

‘ Second-order (centroidb (3.3.3) ‘ 1 ‘
319 | 3
Third-order (%,0, %) %
(edge mid-sides) (0,3.3) 1
G1d | &
Fourth-order (2.%,3) 2
(centroid plus (£.2,3) z
three interior points) 3.L.9) 2

Table 2. Quadrature points and weights for triangles, whichwe apply for flux integration in three dimensions and for source term integra-
tion in two dimensions. All point locations are given in barycentric coordinates, and weights are normalized by triangt area. Note that the
negative weight for the centroid in this last quadrature rule could conceivably cause problems, especially for rapidiyarying flux functions.

However, we have been unable to find a quadrature rule with pasve coefficientsand all quadrature points on or inside the triangle.

Once flux integration code has been written, we recommerticigeis by comparing the computed flux integral with
the integral over the control volume of the flux divergenckeaflis, we recommend demonstrating that

/ D.lfdvzf E.fdA
CcvVv oCcVv

in the discrete version to within truncation error, as Gauseorem requires. This test requires specifying a plajlyic
plausible analytic solution (for instance, density andspuee must be positive), along with coding the divergence of
the flux for this solution explicitly. This approach is a silifipd variant on the Method of Manufactured Solutidss,

in which only the flux integral is verified, rather than theiemttode. In particular, we typically choose to ignore
boundary condition issues, leaving verification of bougdamditions for a separate step.

C

n B
Figure 3. Control volume used in analysis of the order of acctacy of flux integration, including fluxes and surface normak.
Before examining results, however, we should determine witer of accuracy we expect to see in the computed

flux integrals. Consider the triangular control volume slitated in Figure 3, and a second-order accurate scheme
(which implies a single Gauss point at the mid-side of eagfeeaxf the triangle). Now, the flux integral around this

triangle can be written as
F-ids=Y %Al
%ABC Z | 11
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where the sum is taken over all segments in the control volhwomdaryF = Fi+ Gj, % is evaluated at the mid-side
of theith face of the control volume, aridis the length of that face. The flux€sandG can be expanded in a Taylor
series about the control volume reference p&gat

oF oF 0°F A 0°F 0%F Ay?
Fo= Fot =X+ =AY+ o — + = AXAY + — —2
! 0N T o 2 Taay Vi T T
G 9G,.  02GAR 0°G 932G Ay?
G = Got —AX+ —By+ =2 —L + —AXAY; + — —=L
i 0 Gt g Mt G F g M g

Inserting these in the sum and regrouping, we get:
> Fifili = Fo anﬂ' +Go Znyi' (11)

oF 0G
+z( A+ = )nx.l.+z< Axi + yAYi)ny,ili
0%F A 62F 0%F Ay;
*Z(W7+ a0y Ay'+a—y27) il

0°G A)(i2 9°G 0°G Ay2
+Z(WT+WAXIA>/+ 32 2 ) Nyili+ -

The first line in Equation 11 is identically zero for a closedhtrol volume. The second line is the result we actually
want to compute: the integral of the flux divergence over thietl volume; note that it is a second-order quantity
in the characteristic length for the cell, Ag, Ay, andl; are all proportional to edge length. The third and fourth
lines are third-order terms in the characteristic lengtid these are terms which are not correct in the second-order
scheme. More precisely, the second derivative terms arkcékpmissing from the solution reconstruction, which
implies that any evaluation of the fluxes based on the (lineszonstruction will not have a sufficiently accurate
solution to compute the second derivative terms in the esiparof the fluxe$. Because we choose are comparing

S % -fil; to the analytic flux divergencg - FdA, we expect to measure a third-order error in flux integratidgth

a second-order accurate reconstruction. For higher omfesscuracy, we can conclude from analogous arguments
that we again expect flux integration error to be one orderlsmgnan the reconstruction error. Also, although the
accompanying sketch showed a cell-centered control volihgesame argument, and even the same mathematics,
applies to vertex-centered control volumes.

Though the results of this analysis are perhaps counteitivg, the analysis is consistent with the observed be-
havior of real solvers, which are capable of producinkr@der accurate approximation to the exact solution of a
problem from ak-order accurate reconstruction. One way to confirm this isdaysidering the effect, for a second-
order scheme, of a second-order perturbation to the solusaich a perturbation produces a second-order change in

the mean fluxeBy andGo, but a first-order perturbation in the gradients of the flug%%, etc) , because flux gradients

depend directly on solution gradients, which in turn arey@dmputed to first-order accuracy. This will cause a first-
order change in the terms in line 2 of Equation 11 (before iplidation byAx; andl;), which is the correct magnitude
to cancel the errors in higher flux derivatives. Thus, attleasan order of magnitude basis, we can reasonably expect
that solutions that differ by only (h¥) can produce flux integrals that differ ly(h**1) in the measure we use.

For our present purposes in testing the flux integral for thdeEequations in two dimensions, we specify an
arbitrary solution in primitive variables

= 1+ posin(mx)sin(Ty)
= Upsin(Tx) cos(2my)

V = VpCOS(21X)sin(my)

P = \—1/+Posin(2nx)sin(2ﬂ)’)

We use the same sequence of meshes as in the reconstrustidRde’s flux function was used in the interior, but the
results are not sensitive to the choice of flux function, bbseahe solution is smooth. No physical boundary condition
was applied; instead, the analytic flux was computed at thadary based on reconstructed data. All the perturbation

bit is worth noting here that structured mesh schemes acki@re-order better flux integral because of cancellatiohéretror terms, at least
for even orders of accuracy.
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magnitudes —pg, Ug, Vo, andPy — were set to 0.1. We present results in Figure 4 foltheorms of the error in the
energy flux integral; the energy flux integral produces thigdat magnitude of error for this case, and the behavior of
the Lo norm is representative of the other cases. This flux integdptd clearly meets the expected accuracy level of
e) (hk+1)

10'2% T R Ema e T g 10’% T T T g
3 F — Second Orddr 3 F — Second Ordér ]
107E - Third Order El 10 - Third Order 3
5 E -~ Fourth Order 3 5 E -~ Fourth Order| 3
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§ f E s f E
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= F ] £ F ]
E] 10°E El El 10°F 3
[ E 3 w E 3
s 107E £ g 10'F E
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10'9% é 10’9% —é
10710: L L L L \\\\\H: 1010: Ll Ll Ll L \\\\\H:
10 100 1000 10000 1le+05 10 100 1000 10000 1e+05
Number of Control Volumes Number of Control Volumes
(a) Cell-centered control volumes. Measured orders of rcyu (b) Vertex-centered control volumes. Measured orders afi@cy
for second-, third-, and fourth-order schemes are 2.97®64.and for second-, third-, and fourth-order schemes are 3.0682%4.and
5.001, respectively. 5.017, respectively.

Figure 4. Errors in a correct flux integral for the Euler equations converge one order slower than the reconstruction.

The importance of having the correct number of Gauss poot$igh-order schemes can be seen in Figure 5.
Essentially, the high-order schemes are behaving like resipe second-order schemes, with little difference in the
flux integrals. This result is expected, in that the singdapGauss quadrature is known to be only second-order
accurate.

10‘E T T T T T T Ty
5 10°F 3
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g10E 3
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-7 Lo Lo Lo I L1
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Number of Control Volumes

Figure 5. Using the correct number of Gauss points when comging high-order flux integrals is essential; using only a sigle Gauss point
reduces accuracy to second order.

A. Source Term Integration

For many problems, accurate calculation of source termisdsraquired; we include a description here for complete-
ness, even though these quadrature rules are unnecessding fleuler equations. For second-order schemes, it is
sufficient to use a single quadrature point located at thérabwolume centroid. For third- and fourth-order accu-
rate schemes, more quadrature points are required. In twerdiions, the quadrature rules described in the previous
section can be applied directly for cell-centered contmumes, while vertex-centered control volumes must be de-
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composed into triangles before they can be integrated.réettimensions, multi-point quadrature rules for tetrahed
must be used; again, quadrature point locations are givbariycentric coordinates.

Second order (centroid):

\ Point Iocation\ Weight\

L Gidd) [ 1 ]

Third order (four interior points):

\ Point Iocation\ Weight\

(r,r,r,s)
(r,r,s,1)
(r,s,1,1)
( )

S,I,I,r

NN N N

_ 556 _ 5+3V5
wherer = =5 ands= oI

Fourth order (centroid and four interior points):

‘ Point Iocation‘ Weight‘

(32.32) | -8
(8:5:82) | 2
(5:5:3.8) | 20
(5:2:88) | 2
(3:5:58) | 2

Just as in the two-dimensional case, this last quadratiegémtiudes a negative weight for the centroid, which may be
problematical in practice.

V. Curved Boundaries

Perhaps the most challenging aspect of achieving highraatiracy is correct treatment of curved boundaries.
There are four distinct components to curved boundaryrireat: flux integration along boundaries, flux integration
for interior sides of boundary control volumes, computatid control volume moments for boundary control volumes,
and integration over control volumes with curved boundarmth for source terms and for computing exact control
volume averages for comparison when validating a code bf Hiese cases, the key issue is that the curved boundary
and its piecewise linear representation (as line segmetiglen boundary vertices) are separated by a distance that
isO (h2) for edge lengthh. In general, the discrete approximation of the boundarytrapgroach the true underlying
boundary shape with the same order of accuracy as the distieh scheme.

A. Flux Integration Along Curved Boundaries

When integrating fluxes along curved boundaries, care nautdken that the solution values, boundary normals, and
integration weights accurately reflect the shape of the dapn Perhaps the most straightforward way to do this is
to use the boundary representation directly in setting upsSantegration points. In two dimensions, Gauss point
locations are determined as fractions of arc length. NosmaalGauss points are found by querying the boundary
representation directly. Finally, Gauss weights are a&sidpased on arc length (2D) or on surface area (3D).

To illustrate the differences between exact and inexaateqimations to Gauss point location, let us consider three
possible choices in two dimensions, for a circular arc wéttlins of curvaturé?, shown in Figure 6. The coordinate
system is centered at the center of curvature of the arc,»xpibinting the right ang pointing up. The three choices
of Gauss point considered are:

®This choice of geometry is not as restrictive as it soundthanany well-resolved curve (where« R) asymptotically resembles a circular arc.
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A C1 D’ B
Figure 6. Curved boundary arc AB and its approximation by a straight line segment. The radiusof curvature of the arc is R. The coordinate
system is centered at the center of curvature of the arc, wittx pointing the right and y pointing up.

1. The correct Gauss point locations, based on distanceg Mr(ﬂé; these are labeled andD in the figure.

2. The “correct” Gauss point locations for the segmgla,tlabeletﬁ/ andD'.

3. The normal projections of poin@& andD’ onto the arc, labele@” andD”.

| o | D | D’ |
X Rsin%. | RSM® R——=n9__
V3 V3 \/2cog0+1
f) 3
y Rcosﬁ Rcoso Rcose\/ 7co20T1
Weight RO ! RO
R ; i 0 i i sin@
Normal Direction 2~/ 3 5= arctanm
B \/é |3 \/é |3
x-location Error — pAGES )
- | |
y-location Error — 1? S168
Weight Error — I 0
Normal Angle Error — % 2393

Table 3. Comparison of Gauss integration data for the corretand two incorrect methods for finding Gauss points.

Finding the locations, weights, and normals for these gama straightforward exercise in trigonometry; the result
are given in Table 3 for point®, D’, andD”; only leading-order error terms are retained. As expedtasl straight
line segment is a poor approximation, yielding a secona:ioedror in they-component of Gauss point location; this
error implies a second-order error in the value of the retrocton polynomiaR; that will be computed at the Gauss
points. The normal direction is only first-order@and therefore inn (which can be written as= 2Rsin8); note that
this implies only a second-order difference in the end liocet of the normal vectors and therefore of the dot product
computed as part of the flux integration. Taking the segmentsS poinC’ and projecting it normally onto the arc
makes the dominant error a third-order error in taeomponent of the Gauss point location. Assuming that thes&a
weights are computed as half the true arc length, ugihig therefore a third-order accurate choice, in general.

To demonstrate the effect of proper versus improper hagdifncurved boundaries, we consider the case of an
inviscid supersonic vortex, as described in Aftosmis andyBe?® We choose an inner radius of 2, an outer radius
of 3, and an inlet Mach number at the inner boundary of 2. Withppr boundary treatment, the solution error has
the same asymptotic behavior as the reconstruction, cgimgeat the nominal order of accuracy, as seen in Figure 7
for cell-centered control volumes. Failing to account foubdary curvature in flux integration, however, leads to
disappointing results. Figure 8 shows the effect of treatinrved boundary edges as straight line segments instead of
genuinely curved; this is the only difference between tHatgms in the two parts of that figure. The errors are much
larger when incorrect quadrature data is used, and thesesecur exclusively at and near curved bounddties.

B. Control Volume Moments along Curved Boundaries

Control volume moments for control volumes adjacent to edivoundaries must also be computed with care. Because
we compute moments by applying Gauss’s theorem to convegriation over the control volume to integration

dThese pictures report the data that the text describespbatdircular advection-diffusion problem instead of theessonic vortex. The final
paper will of course include error plots based on the supgcsertex problem. We will also consider the use of poi@tsandD” as quadrature
points; the analysis implies that this choice will be adegear third-order accuracy.
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Figure 7. When curved boundaries are properly accounted farthe solution error converges at the same asymptotic rate abe reconstruc-
tion error.

0.0025171

.

0.0018642

0.0012114

0.00055851

-9.4356e-05
~ -0.00074722
(a) Fourth-order schemed with correct Gauss data (p@ints (b) Fourth-order schemed with Gauss points on a straigkt segment
andD of Figure 6. instead of the curved control volume boundary (poidtsnd D’ of Fig-
ure 6.

Figure 8. Using the wrong quadrature data for a curved bounday has a serious effect on accuracy. This figure shows the soion error for
a fourth-order, cell-centered scheme with and without proger flux quadrature at the boundary. Both plots show error with the same scale.

around the control volume, our concern here is with accyslteement of Gauss integration points along the curved
boundaries, based on arclength. Because of the curvattine dbundary, the Cartesian coordinatesdy are non-
linear functions of the boundary arc lengthThis implies that high-order integration along the bounda always
required. As a result, we choose to use three-point quadrfduall curved boundary segments, making the quadrature
sixth-order accurate, which is more than enough to ensatevtk can always compute terms at least as complex as
the highest-order moments sufficiently accurately.
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[The final version of the paper with show the differences lestvsupersonic vortex calculations with differing
degrees of accuracy in the boundary moment calculations.]

C. Integration over the Interior of Control Volumes along Curved Boundaries

The final key point in accurately handling control volumeshagurved boundaries is integration over the interior of
these control volumes. For control volumes which have giasides, we use Gauss integration over triangles or
tetrahedra, as described in Section Ill. For control volswith curved sides, we could extend that approach using
ideas from isoparametric finite elements, but we choosedusto formulate an integration scheme that eliminates the
need for decomposition of vertex-centered control volumtstriangles/tetrahedra. Our approach chooses integrat
points and weights to ensure that polynomials of degtde- 1 are integrated exactly, which in turn guarantees that

the integration isN-order accurate. Mathematically, this requires that, for monomial of degreet k—1,
1
N m,
EI WiXi y'n_A/CVX YA

and similarly in three dimensions; note that this requiretrean be restated in words by saying that the weighted
moments of the integration points must match the momentssofdgion being integrated, up to moments of the order
k— 1. In principle we could use a very small number of integmrafoints — potentially as few as two for a third-order
2D scheme, for instance, or as few as five for a fourth-ordes8beme — as there ack+ 1 degrees of freedom
per integration point id dimensions. However, we have found that the resulting imeat systems of equations are
intractable analytically. Instead, our approach has beeeliect enough integration points that we can spegignd
solve forw;. The expressions involved are lengthy, and are given in AdpeA. By design, these integration schemes
are exact for low degree monomials, and therefor&trerder accurate when implemented to matchkthel degree
moments.

[In the final version of the paper, we will include figures campg the control volume averages of the exact
supersonic vortex solution to the computed solutions with ¢orrect and various simplified techniques for control
volume integration.]

V. Conclusions

This paper describes in detail a number of sometimes obs@pects of correctly implementing a high-order
accurate unstructured mesh finite-volume solver. We dssoesonstruction, flux integration, curved boundary treat-
ment, and demonstrating order of accuracy. In each casegg&ille test cases appropriate for confirming correct
behavior of a high-order code, as well as demonstrating safrttee common pitfalls in implementation and showing
their effects. We hope that this paper will serve other resesrs as a practical guide to creating their own high-order
accurate solvers.
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A. Integration Over Irregularly-Shaped Control Volumes, | ncluding Those With Curved
Boundaries

In two dimensions, we seek to match the low-degree momeiheabntrol volume so that we can exactly integrate
low-degree polynomials. This requires that the integrapioints and weights satisfy

1
MNP~ my NP,
§| wix"y'z V/CVX Y'ZPdv

We will not derive the results here, referring interesteatiers instead t& All the integration rules are expressed in a
coordinate frame shifted to have its origin at the refergrmiat of the control volume, and with normalized weights.

A. Two Dimensions
1. Second Order

In this case, a single point at the control volume centrofticas, with a weight of 1.

2. Third Order

In this case, six points are used, four at the corners of arequestered at the control volume reference point, and one
on each of the positive coordinate axes where the axes d¢ressjuare. First, we define

r= \/ﬁ—i—)ﬁ

Then we can write the integration data as:
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3. Fourth Order

| x [ v | w
SRS A
rl ] kg
—r |- IEAtar
r o] RS b
r 0 1—?’—5
0 r Z;

In this, the ten required points are distributed on two cotrée circles. Each circle has five equidistributed points;
one circle has a point on the positixeaxis, the other on the negatixeaxis. First, define normalized control volume
moments, using a length scale related to the radius of gyrafithe control volume:

Y2 1 \2
h = szy
0= ¥
h

Then the radii of the two circles on which integration poiats located are

rh = h—\/é
8

oo e
24

This choice of radii ensures that each circle of points has#y half of the total integration weight. The locations of
the integration points are given by:
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The weights are:

_ 7 76 _ 8Ts 2 2 3 2
W= —io-4-S2ue2 S8 ((86+33\/7)u +(58+21\/7)v 4 8TyV/6u +24T16\/6uv)

- 7 7 _ N\ 8T — o —
w, = —E—l—s(\/é(\/g—l)u+2T5v)+E(—(—T2+Tl)u +To (< T+ Ta) W+ (To + Ta) 2

4 0% (4(Tus— Tae) VB — 1275 (Tho — Tas) ¥V + 12(Tis ~ Tag) VBUZ + 4Ts (Tio + Tar) ¥
77 | s _ - ’
ws = —zo+ e (VB(VB+1)u—2mw) + 2 (To+ T @ —Tao(Ta+ T W— (~Ts+ o) V)
8T, o 3
+1_56 (_4(T11+ T1a) VBUB + 1217 (Too+ Tis) UV — 12(Taz+ Tig) VOUVZ — 4T (Ty2 — Ti7) V3)

77 N _ - ’
W, = —E+1—5(\/6(\/§+1)u+2T7v)+E((T2+T1)u +T10(T4+T1)uv—(_T3+T1)V)
8T o g
+1_56 (_4(T11+ T1a) VU3 — 12T (Tio+ Tis) U2V — 12(Tag + Trg) VUV + 4T (Tio — Ti7) V3)

7
10 15

8T, __ -
+ 1—5? (4 (T11— T14) VOUS + 12T5 (Ty2 — Tas) UV + 12(Tyz3— Tae) VOUVZ — 4T5 (Tio+ Th7) v3)

We = 1—90 —4. %V@Tﬂm 2. % (— (38+ 15\f7) w2 (27f7+ 74) V2 4 8T30v/6U8 + 8T23\/6uv2)

9 9T 24T, —
w; = E — 3—;: (— (T11 — T21) \/?er 2T5T21\7) + 3—56 ((3T12 — T25) u2— 3Ty (Tj_z — Tze)W-i- (3T12 — T24) Vz)

24T, ey NI V3
* 3—56 (4 (T2o — Tao) V/6U3 — 4Ts (3Tiz+ To2) UPV+ 4 (—Taz+ To7) VBUVZ + 4Ts (Tio — Ta) Vs)

9 9T 24T, — _
o+ 3—5‘: ((T11 +To1) V6U+ 2T7T21\7) +2208 ((3T12 — To5) U2+ 3T10(Taz2 + To6) WV — (3Ta2+ Toa) v2)

35
24T, v NGY, V3
* 3—56 (_4 (T2o+ Tao) V/6US + 4T (3T12 — Taz) UV — 4(To3 + To7) VBUV? — 4T7 (Taz+ Tay) V3)

9 9T . 0\ | 24Ts — - 2
Wo = 5+ 3E ((T11 + T21) V6U— 2T7T21V) T ((3T12 — Tos) u? — 3T10(Tr2+ Tog) WV — (3124 T24) Vi )

24T, — _
+2°8 ( —4(Tog9+ Ta0) V6US — 4T7 (312 — To2) UV — 4(Toz+ To7) VBUV + 4T7 (T2 4 Ti7) V3)

35
_ 9 9T N\ 24Tg — - -
Wio = 75+ 5 (— (Tay— To1) V6U— 2T5T21V) t35 (— (8T12+ Tos) U2+ 3Tg (T12 — Tog) IV + (3T12 — Tog) v )
24Tg

+ 35 (4 (ng —T30) V 6us +4Ts (3T12 + T22) UTV—i- 4 (—T23 + T27) Vuv2 — 4T5 (le - T17) ﬁ)

Ws = (\/é (\/5_ 1) - 2T5\7) + % (— (—T2+ TR —To(—-T4+Ty) W+ (T3+T1)W)

Wg =

Finally, we must define all of the temporary variables usethnweights, some of which are defined in
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terms of still other variables:

T = 7V5+3V35

T, = 137+51/7

T3 = 151+57/7

T, = 7+3V7

Ts = (\/§+1) 3V5
1

T = ——

6 3V/7+8

To= (VB-1)\/av5
Tg = (\/E—i-l)m
Tio = (\/3—1)@

T, = 21\/64-8\/3—5
Tz = 3V5+35

Tiz = 11\/?)-1- 4@
Tia = 27+10V7
Tis = 19+ 7\/?
Tige = 5+ 2\/?
Tie = 45+17V/7
To1 = 8\/?4- 21
T, = 13/7+33
T3 = 11V/7+30
Tos = 39/7+103
Ts = 45/7+121
Tog = \/?—F 3
Ts = 12V5+5V35
Tog = 24\/64- 8\/3—5
T3p = Ti5—-1
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