A High-Order Accurate Unstructured Mesh
Finite-Volume Scheme for the Advection-Diffusion
Equation

Carl Ollivier-Gooch and Michael Van Altena

University of British Columbia
Department of Mechanical Engineering
2324 Main Mall
Vancouver, BC V6T 1Z4 Canada
cfog@mech.ubc.ca, mva@alumni.uwaterloo.ca

Version: February 7, 2002; Revised June 25, 2002

High-order accurate methods for viscous flow problems have the potential to reduce
the computational effort required for a given level of solution accuracy. The state of the
art in this area is more advanced for structured mesh methods and finite-element methods
than for unstructured mesh finite-volume methods. In this paper, we present and analyze
a new approach for high-order accurate finite-volume discretization for diffusive fluxes that
is based on the gradients computed during solution reconstruction. Our analysis results
show that our schemes based on linear and cubic reconstruction can be reasonably expect-
ed to achieve second- and fourth-order accuracy in practice, respectively; while schemes
based on quadratic reconstruction are expected to be only second-order accurate in prac-
tice. Numerical experiments show that in fact nominal accuracy is attained in all cases
for two advection-diffusion problems, provided that curved boundaries are properly repre-
sented. To enforce boundary conditions on curved boundaries, we introduce a technique
for constraining the least-squares reconstruction in boundary control volumes. Simply
put, we require that the reconstructed solution satisfy the boundary condition exactly at
all boundary flux integration points. Numerical experiments demonstrate the success of

this approach, both in the reconstruction results and in simulation results.
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1. INTRODUCTION

High-order accurate methods for viscous flow problems — methods of higher
than second-order accuracy — are being actively pursued in an effort to reduce
computational effort for a given quality of solution. For example, in a recent com-
parative study, Zingg et al. showed that high-order accurate methods are indeed
more efficient in obtaining accurate solutions on structured meshes for compress-
ible turbulent aerodynamic flows than second-order methods [18]. In a similar vein,
Bassi and Rebay showed excellent accuracy for high-order accurate finite-element
methods for compressible inviscid and laminar viscous flows, although without de-
tailed cost comparisons [5].

High-order accurate method development for unstructured mesh finite-volume
computations has historically focused on advective fluxes. This work dates back
at least as far as Barth and Frederickson’s work applying quadratic reconstruction
techniques to the Euler equations [3, 4, the former may be more widely available].
Since then, there have been advances in high-order accurate unstructured ENO and
weighted ENO schemes [1, 8, 9, 14, 15, for example]. Most recently, a high-order
compact unstructured mesh scheme has been proposed for the Euler equations [2].

Development of high-order accurate viscous flow methods has been slower. As
an example, recent structured mesh work with the well-established INS3D code
uses third- and fifth-order accurate differencing for the convective terms, but only
second-order accurate discretization of the viscous terms [12]. Unstructured mesh
schemes often use a mixed formulation, with a finite-volume scheme for the inviscid
terms combined with a second-order accurate Galerkin finite-element approxima-
tion for the viscous terms (see, for example, [3, 13]). Recently, Delanaye et al.
used quadratic reconstruction to compute the inviscid terms in the Navier-Stokes
equations, combined with a different, linear reconstruction for the gradients needed
in the viscous terms [7, 10]. In neither of these references, however, do the authors
provide accuracy analysis or careful convergence studies for the viscous terms in
their scheme.

Our long-term goal is to develop a reliable high-order accurate discretization
scheme for viscous flows and other mathematically similar problems. The pur-
pose of this paper is to describe a new unstructured mesh finite-volume scheme
for the advection-diffusion equation and to present analysis and numerical experi-
ments demonstrating that the new scheme attains high-order accuracy. This is an
extension and enhancement of our previous work on the same topic [16, 17]. In

particular, we present two significant results:

1. A new approach for using data from a single solution reconstruction to com-
pute not only advective fluxes, but also diffusive fluxes (Section 2.3). While

we focus on least-squares reconstruction, our technique could be applied in



combination with other reconstruction schemes. Numerous previous authors
have analyzed advective flux schemes, and so we focus our analysis efforts
on diffusive fluxes. We present analysis of the truncation error in applying
our approach (with least-squares reconstruction) to the Laplacian operator
for both vertex-centered (Section 3.1) and cell-centered (Section 3.2) control

volumes.

2. A new approach to boundary condition enforcement. We add constraints
to the least-squares reconstruction in boundary control volumes so that the
boundary conditions are satisfied exactly at flux integration points on the
boundary (Section 2.2). This approach is flexible enough to be applied for
vertex- or cell-centered control volumes; for all orders of accuracy; and for

straight or curved boundaries.

In Section 4 we present the results of several numerical experiments which demon-
strate the effectiveness of the innovations we propose.

2. HIGH-ORDER ACCURATE SOLUTION RECONSTRUCTION AND FLUX
INTEGRATION

In this section, we describe our approach to high-order accurate solution re-
construction, boundary condition enforcement, and flux integration. We begin our
discussion by describing how we perform least-squares reconstruction in the interior
of the mesh. Next, we discuss how we enforce boundary conditions by imposing
additional constraints on the reconstruction in boundary control volumes. We close
this section with a summary of how we calculate both advective and diffusive fluxes,

and how we integrate fluxes around control volume boundaries.

2.1. Least-squares reconstruction for interior control volumes

Our goal, regardless of whether we use cell-centered or vertex-centered control
volumes is to replace the control volume averaged value of the solution ¢; by a
Taylor expansion
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where ¢; is the value of the reconstructed solution and gzk—;;l are its derivatives at
the reference point (z;,y;) of control volume i. We choose the coefficients of the



expansion to conserve the mean value in the control volume and to minimize error
in representing smooth solutions. Once the reconstruction is known, values of the
reconstructed solution and its derivatives can be easily calculated anywhere within
the control volume.

2.1.1. Conservation of the mean

Conservation of the mean within a control volume requires that
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Expanding the left-hand side of this term-by-term, one can easily show (see, for
example, [15]) that
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In contrast to most previous work in least-squares reconstruction (e.g., [3, 15]), we
will include this mean constraint explicitly in the least-squares system rather than
eliminating it analytically. For interior control volumes, analytic elimination of the
mean constraint is straightforward, but for boundary control volumes, where the
solution must also be constrained to enforce boundary conditions (see Section 2.2),
analytic elimination of the mean constraint would be much more difficult. By in-
cluding the mean constraint explicitly for interior control volumes, we accept a small
performance penalty in favor of code simplification. This penalty is in fact small:
the cost of Gauss elimination for a single constraint is approximately the same as
applying a single Householder transform, so at most we pay a penalty equivalent to
adding one additional column to the least-squares problem. In practice, this means
that our scheme is comparable in efficiency to other least-squares reconstruction
schemes, especially for high-order accurate reconstruction. Comparisons between
ENO schemes and least-squares schemes on unstructured meshes are absent from
the literature, but we expect that the cost of our reconstruction scheme should be
significantly less than the cost of computing several (non-least-squares) reconstruc-
tions, then computing the proper weights to use in combining them, as modern
weighted ENO schemes do (see, for example, [9]).



2.1.2. Accuracy for smooth functions

Accuracy of the reconstruction for smooth functions can be stated in two equiv-
alent ways. The reconstruction can be said to be k-exact, or (k + 1)-order accurate,
if, when reconstructing P(Z) € {z™y" : m +n < k},

of (7 — T;) = P(F) (4)

Equivalently, one can say that for any ¢(f) that has been averaged over control

volumes and reconstructed,
¢ (F - 7)) = (@) + O (A:z:k“) (5)

In practice, this accuracy requirement means that the modified Taylor series expan-
sion of ¢ given in Equation (2) must be carried out through the kth derivatives.

To compute these derivatives, we seek to minimize the error in predicting the
mean value of the function for control volumes in the stencil {V;},. The minimum
number of neighboring control volumes in the reconstruction stencil is equal to the
number of derivative terms to be approximated. In accord with common practice,
we choose to exceed that minimum to give some freedom for the least-squares
reconstruction, improving robustness. Specifically, in practice we insist on three
neighbors for second-order accuracy; nine for third-order; and fourteen for fourth-
order. Control volumes are added to the reconstruction stencil based on their
topological proximity to the reconstruction control volume. All neighbors at a given
level are added at once. Figure 1 gives examples of stencils for both vertex- and
cell-centered control volumes in the interior of a mesh. Each figure shows the stencil
for reconstruction in the control volume labeled R; the numeric labels indicate the
order of accuracy at which a given control volume is added to the stencil. Note
that the vertex-centered example does not require any additional control volumes
in the stencil for fourth-order (cubic) reconstruction that are not already present
for third-order (quadratic) reconstruction. At boundaries, stencils are constructed
using the same principles, although more layers of neighbors are typically required
to get large enough stencils.

[FIG. 1 about here.]

The mean value, for a single control volume Vj, of the reconstructed function
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To avoid computing moments of each control volume in {V;}, about v;, we replace

z —z; and y — y; with (z — z;) + (z; — ;) and (y — y;) + (y; — yi) respectively.

Expanding and integrating,
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1/ Ri= =
— ¢; (% —%;)dA

dp| . 09| .
¢|i+%ix”+6_yiy”
Ro| 2y % | . | Py
+@i 5 +6$6yi$yz~j+a—y2i 5 +---(6)

Equation (6) evaluates the mean value of the reconstruction ¢F (% — ;) for a

control volume j, given the low-order derivatives of the solution at #; and low-order

moments of the control volumes. The difference between this prediction and the

actual control-volume average ¢; is easy to assess. The derivatives at Z; are chosen

to minimize this error over the stencil {V;}, in a least-squares sense. Geometric

weights w;; are used to specify the relative importance of good prediction for various



control volumes in the stencil, with the weights based on distance between control
volume reference points. The resulting least-squares problem is
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where N is the number of nearby control volumes in the stencil, the line separates
constraints from equations to be “solved” using least-squares. The weights used

are the inverse of distance between control volume reference locations squared:
w, = ———= (8)

This weighting was introduced for use in unstructured mesh computational fluid
dynamics by Barth [3], and has the advantage of reducing the influence of da-
ta farther from the reconstruction control volume, where neglected higher-order
terms will have the greatest effect. Gauss elimination is applied for the constraint,
replacing the first column of the left-hand side with zeroes. The remaining least-
squares problem can be solved for the derivatives of ¢ by using any least-squares
technique. We choose to use Householder transforms to reduce the left-hand side
matrix to upper triangular, because conditioning problems are more severe with
normal equation methods [11]. Finally, the constant term in the expansion, ¢;, is
evaluated during the back-substitution phase of the least-squares solution, using
the constraint equation and the derivatives.

2.2. Boundary Condition Enforcement via Constrained Least-Squares

Reconstruction

Our boundary condition enforcement scheme is parsimonious, in the sense that
boundary conditions are enforced only at points where boundary data is actually
used — the Gauss integration points along the boundary. We can enforce Dirichlet,
Neumann, and mixed Dirichlet-Neumann boundary conditions by constraining the
least squares reconstruction in control volumes adjacent to the boundary. More
complex boundary conditions must be handled, at least in part, by careful definition

of boundary fluxes.
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2.2.1. Boundary Constraints for Dirichlet Boundary Conditions

[FIG. 2 about here.]

Suppose that along part of the boundary 9€; the solution must satisfy a Dirich-
let boundary condition ¢ (£) = fi (). We enforce this at each Gauss integration

point Z, on the boundary by requiring
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For each control volume adjacent to the boundary, one constraint is added to the
least squares reconstruction problem for each boundary Gauss integration point.
As an example, consider the cell-centered control volume shown in Figure 2. The
boundary constraint (Eq. (9)) must be enforced at points a and b, and the resulting

equalities included in the reconstruction problem (Eq. (7)) to give
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There are three equality constraints on the reconstruction for this control volume —
conservation of the mean and two boundary constraints. Gauss elimination is used
for all constraints rows, including elimination from the least-squares rows of the
problem; with multiple constraints, pivoting is an essential adjunct to the Gauss
elimination. The remaining least-squares problem is again solved using House-
holder transforms to upper-triangularize the left-hand side, with back-substitution
including the constraint rows. This gives a least-squares reconstruction that both

conserves the mean and satisfies the boundary conditions.
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2.2.2. Boundary Constraints for Neumann Boundary Conditions

We apply Neumann boundary conditions in an analogous way. Along part
of the boundary 99> the solution must satisfy a Neumann boundary condition
%(f) = f» (£). We enforce this at each Gauss integration point &, on the boundary
by requiring
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where 7 is the unit boundary normal. Implementation is completely analogous to
the Dirichlet case in its approach, with the constrained least squares system now

given by
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2.3. Flux Calculation and Integration
In the present context, we are solving the advection-diffusion equation in two
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where the advection velocities u and v are known, possibly as functions of z and y.

dimensions:
(11)

Using Gauss’s Theorem for fixed control volumes, we can write for control volume
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This problem contains both advective fluxes (which require the value of the solution)
and diffusive fluxes (which require the gradient of the solution). At any point along
the control volume boundary, the reconstructed solution and gradient are double-
valued, because the values from the two incident control volumes may be different.
For advective fluxes, we use an upwind flux approximation. For diffusive fluxes, we
average the gradients computed in each control volume at the boundary.

Having computed the fluxes, we integrate around each control volume by using
Gauss quadrature. In keeping with standard practice, we use one quadrature point
per segment with linear reconstruction, and two quadrature points per segment for
quadratic and cubic reconstruction. This is shown schematically for interior control
volumes in Figure 3, including surfaces normals scaled by integration weights.

Flux integration on the domain boundary is done similarly. Gauss quadra-
ture points must be placed precisely on the curved boundary and spaced accord-
ing to arclength rather than straight-line distance to achieve the nominal accura-
cy for schemes of order higher than two, as the distance between points on the
curved boundary and on the straight line segment between two boundary vertices
is O (As2). In general, the boundary representation must be at least as accurate as
the desired flux integral accuracy. For example, for a fourth-order accurate solution,
a curved boundary must be represented by at least a cubic.

[FIG. 3 about here.]

3. ACCURACY ANALYSIS

We have described an approach for calculating and integrating diffusive fluxes
with the goal of high-order accuracy. It is well-known that a p-order accurate recon-
struction of a solution from control volume averages will produce p-order accurate
flux calculations for fluxes that require the solution but not the gradient. However,
the same p-order accurate reconstruction will produce only (p — 1)-order accurate
gradients, which should in turn lead to (p — 1)-order accurate flux evaluation and
flux integrals. To shed light on this issue, we now present analysis of flux integrals
for the Laplace equation on uniform triangular meshes. In doing so, we proceed
much as we would in analyzing a structured mesh scheme using uniform Cartesian
meshes: we analyze the simplest case and perform numerical experiments to deter-
mine whether our analysis also predicts correctly results on more general meshes.
The numerical experiments are necessary because we have no way to predict how
our schemes will behave for non-uniform triangular meshes. In our analysis, we
will examine both vertex-centered and cell-centered control volumes; and linear,

quadratic, and cubic reconstructions.
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3.1. Vertex-centered Control Volumes

For analysis, a coordinate and labeling system are created for a uniform, vertex-
centered, equilateral triangular mesh as shown in Figure 4. Each triangle edge has
length h. We will be computing analytically the flux integral for control volume A.
The neighbors of A can be classified into genuses based on their position relative to
A without regard to rotation. Because of symmetry, all control volumes of the same
genus have the same coefficient in the flux integral. Note that the index coordinates
(i,j) do not run parallel to the Cartesian coordinates (z,y); the ¢ = 0 line runs
from the bottom left to top right corners of the hexagonal mesh fragment shown.
This choice of coordinates allows an easy mapping from (i, ) to (z,y) coordinates.

[FIG. 4 about here.]

The reconstruction scheme requires control volume moments. For the vertex-
centered scheme, the control volumes are all identical hexagons (shown as a dotted
outline near the left side of Figure 4), and moments may be found by analytic

integration. The low-degree non-zero control volume moments are:
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With moments in hand, we proceed to reconstruct the solution in each control vol-
ume by solving the appropriate subset of the least-squares problem of Equation (7)
and compute fluxes and integrate them as described in Section 2.3. The analysis
technique is identical regardless of order of accuracy, with differences only in the
size of the reconstruction stencil. In the next subsection, we give detailed anal-
ysis for the case of linear reconstruction to demonstrate the technique. For the
remaining cases — quadratic reconstruction using only first neighbors; quadratic
reconstruction with a broader, more realistic stencil; and cubic reconstruction —

we will summarize and discuss results.

3.1.1. Linear Reconstruction

For linear reconstruction, we prefer at least three neighbors in the reconstruc-
tion stencil; for an equilateral mesh, first neighbors are more than sufficient. All
geometric weights are equal to 1/h?. The solution of the least-squares problem in

11



control volume (i, j) is
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We compute the flux integral as described in Section 2.3; in this case, the flux-
es are especially easy to calculate because there are no second derivatives in the
reconstruction. One-point Gauss integration is sufficient in this case. After sim-
plification, we obtain an expression for the computed Laplacian in control volume
(0,0) %0’0 in terms of control volume averages:

%070 — _6514 - 2539-}:22 ac’ + EaD (14)

where, for example, }_ ¢5 is the sum of the average solution for all the control
volumes labeled B. We can expand the control volume averages in terms of deriva-
tives of the underlying smooth solution ¢ at the origin by using Equation (6), and
find the difference between this computed Laplacian %0’0 and the control volume
average of the actual Laplacian V—Qqﬁmo:l
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Clearly, this scheme for calculating the Laplacian is second-order accurate for equi-
lateral meshes and vertex-centered control volumes, despite the fact that the first
derivatives in the reconstruction can easily be shown to be only first-order accurate.

3.1.2.  Results for Other Cases

For the linear reconstruction case, we required only first neighbors for the re-
construction and obtained, perhaps serendipitously, second-order accuracy. The
quadratic reconstruction cases (see Table 1) also give second-order accurate flux in-
tegrals, which is consistent with the second-order accuracy of the computed fluxes.
The compact (first neighbors only) reconstruction stencil is an unrealistic choice in
practice; least-squares reconstruction schemes are typically implemented with more
looseness in the reconstruction. Perhaps because of the greater degree of approx-
imation in the reconstruction, the normal (first and second neighbors) version of
the reconstruction stencil gives a less-accurate calculation of the Laplacian than
the compact stencil.

With cubic reconstruction, we must use both first and second neighbors in the

I'Note that it is critically important in this and all following cases to include the high-order
terms in the average of the Laplacian, by applying Equation 6, rather than using simply V2¢ (0, 0).
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reconstruction. The resulting flux integral is fourth-order accurate, which is one
order better than the computed fluxes.

In summary, reconstruction schemes that give even-order accuracy for advective-
type fluxes (linear and cubic) provide the same order of accuracy with our Laplacian
scheme. Reconstructions that give odd-order accuracy for advective-type fluxes
(quadratic) are one order less accurate in computing the Laplacian with our scheme.
We postulate that similar behavior will continue for higher orders of accuracy as

well.

[TABLE 1 about here.]

3.2. Cell-centered Control Volumes

For cell-centered meshes, the analysis proceeds in much the same way as for the
vertex-centered case. A coordinate and labeling system are created for a uniform,
equilateral triangular mesh as shown in Figure 5. Here, there is the additional
complication that not all control volumes are identical; all moments for monomials
of the form £2"y?™+! have values that are equal in magnitude but opposite in sign
for up-pointing versus down-pointing triangles. We label each parallelogram with
sides parallel to the ¢ and j axes with a single 4, 7 pair, and distinguish these trian-
gles by their orientation (A for up-pointing, V for down-pointing). Each triangle
edge has length h, and again each control volume is marked in the figure with its
genus. Once again, the index coordinates (¢, j) do not run parallel to the Cartesian
coordinates (x,y); the ¢ = 0 line runs from the bottom left to top right corners of

the mesh fragment shown.
[FIG. 5 about here.]

The control volume moments are again found by analytic integration. For up-

pointing triangles, the low-degree non-zero control volume moments are:
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For down-pointing cells, the following moments have the opposite sign to those

shown: z2y, y3, zy, w2y, and y5. Given these moments, we proceed as before
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with reconstruction, flux computation, and flux integration. In the next subsec-
tion, we give detailed analysis for the case of linear reconstruction to demonstrate
the technique. For the remaining cases — quadratic reconstruction; cubic recon-
struction with a restricted stencil; and cubic reconstruction with a broader, more

realistic stencil — we will summarize and discuss results.

3.2.1. Linear Reconstruction

For linear reconstruction, first neighbors are again sufficient for the reconstruc-
tion. All geometric weights are equal to 3/h%. The solution of the least-squares
problem in control volume (i, j, A) is

0] 3 %,LA
i v—Pi—1j
¢w = 280,V Fis1,5,9 A 1.5,V (17)
\/§($1 vt ®i1,iv—28;, ‘—1,v)
4 ety

The result for down-pointing triangles is analogous. We compute the flux integral
as described in Section 2.3. Again, one-point Gauss integration is sufficient in this
case. After simplification, we obtain an expression for the computed Laplacian in
control volume (0,0, A) %0,0 in terms of control volume averages:

—6hp + 3 g

%ooz .
s %hz

(18)
Note that only up-pointing triangles are used in this computation, admitting the
possibility of the analog to structured mesh odd-even solution decoupling for uni-
form meshes.?

As with the vertex-centered analysis, we replace control volume averages with
their expansions (from Equation (6)) and simplify to find the error in the computed
Laplacian:

— h2 84(,25 84¢ 84¢ 4
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Clearly, this scheme for calculating the Laplacian is second-order accurate for e-
quilateral meshes and cell-centered control volumes, despite the fact that the first
derivatives in the reconstruction can easily be shown to be only first-order accurate.

3.2.2. Results for Other Cases

For the quadratic reconstruction case, we require an additional level of neigh-

bors for reconstruction. With inverse-distance-squared weighting, the computed

2In practice, we have observed no difficulties with de-coupling for advection-diffusion problems.
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Laplacian is especially simple, as seen in Table 2. As we expect given the result-
s for vertex-centered control volumes, the computed Laplacian is not third-order
accurate. More surprising is that the Laplacian is in fact only first-order accurate
for this case! Note that, even without the troublesome first-order term, the trunca-
tion error for this approach is only slightly lower than for the linear reconstruction
scheme.

The first-order error term is a combination of third derivatives that can not
be computed independently for any single genus of control volumes. Consider,
for example, the control volumes of genus ). Symmetry considerations require
that each of these control volumes have the same weight in the Laplacian stencil.
Unfortunately, the location of these control volumes is such that the z%y and y®
terms in the Taylor expansions of their control volume averages do not cancel.
Making matters worse, the z2y and y®> moments of all the cell-centered control
volumes are non-zero. As numerical experiments in Section 4 will show, this is a case
where actual performance exceeds analytic expectations, in part because realistic
meshes do not have the fatal symmetry which causes this problem analytically.

With both first and second neighbors in the reconstruction stencil, we have
precisely nine neighbors, which is the absolute minimum for cubic reconstruction.
For this case (“cubic compact” in Table 2), the computed Laplacian is third-order
accurate, which is all that we have any right to expect, given the accuracy of the
first derivatives from the reconstruction. However, the leading-order term in the
truncation error contains the Laplacian of the same term that was troublesome for
the quadratic reconstruction case. Again, the numerical experiments will show that
this term is not a factor in practice.

The stencil we would normally choose for cubic reconstruction in control volume
P would include its first, second, and third cell neighbors (genus @, R, S, and T') for
a total of eighteen neighbors; geometric weights for the reconstruction are shown in
Table 2 (“normal cubic”). This case echoes the cubic compact case; the third-order
error term has a slightly smaller constant here, although the fourth-order terms are
somewhat larger.?

In summary, our analysis shows that the perfect, uniform mesh allows an am-
biguity in calculating certain derivatives using clusters of cells of the same genus;
this ambiguity appears in the analytic results as truncation error terms that do
not meet our expectations for order of accuracy. Numerical experiments, presented
in the next section, will show that for normal triangular meshes, the computed
results exceed analytic expectations. Beyond this somewhat troubling quirk, we
have shown that reconstruction schemes that would give even-order accuracy for
advective-type fluxes (linear and cubic) provide the same order of accuracy with our

3For this case, the fractional representations of the stencil and errors, though computed ana-
lytically, are far too cumbersome to be of even illustrative use, so decimal values are used instead.
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Laplacian scheme. Reconstruction that gives odd-order accuracy for advective-type
fluxes (quadratic) is one order less accurate in computing the Laplacian with our
scheme. Again, we postulate that similar behavior will continue for higher orders

of accuracy as well.

[TABLE 2 about here.]

3.3. Discussion

For both vertex-centered and cell-centered control volumes, common practice
(e.g., Galerkin finite element or Green-Gauss finite volume discretizations) for uni-
form triangular meshes results in simpler stencils than those given by our approach.
In particular, for vertex-centered control volumes, the Galerkin finite-element dis-

cretization of the Laplacian can be written in our notation as

—664+> 5

— 2
Voo = 3 e (20)

For this stencil, the difference between this computed Laplacian %0’0 and the
control volume average of the actual Laplacian V2¢, g is:
ot¢ 9 ot¢ ot¢

o o 4
ozt 01202 + 6y4> +0 (%) (21)

—— h2
V2¢0,0 - V2¢0,0 = E (

This truncation error is smaller by a factor of four than our result. The stencil is
also positive (and remains so for non-uniform meshes) and more compact than ours.
However, our approach requires less computation for problems with both advection
and diffusion, because the gradient is available for free following reconstruction. On
balance, either scheme is likely to work reasonably well in practice.

For cell-centered control volumes, gradients can be calculated by using Green-
Gauss integration around a diamond connecting the end points of an edge and
the centroids of the cells that share the edge. The solution at the end points of
the edge can be estimated by averaging data in incident control volumes. For
a uniform mesh, the resulting Laplacian stencil requiring only the first neighbor

control volumes, and can be written as:

—-3¢p + 2 g

V2(]50,0 =4 h2

(22)
The error in the computed Laplacian for this case is:

W3, 8% 8\ R (8% _ B¢ 8 "
(3(%263; - 8y3> ( )+O ()

U242 _ o PE¥Y 5 7Y %
V200~ V00 15 48 6:c4+ 6x28y2+8y4

(23)
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This stencil suffers from the now-familiar mixed third-derivative problem in its
simplest form. In addition, the three neighboring control volumes used in this
stencil do not give enough degrees of freedom to compute even a zero-order accurate
Laplacian for general meshes. Consequently, our approach is superior, even though
it allows the possibility of solution decoupling in some circumstances.

4. NUMERICAL EXPERIMENTS

In this section, we present several numerical experiments with the goals of con-
firming the analytical results of the previous section, of exploring whether the odd-
derivative error terms present for equilateral meshes affect computational results
in practice, and of demonstrating the importance of correct treatment of curved
boundaries. All our results use the approach described in Section 2.1 to determine
reconstruction stencils, and therefore correspond more closely to the “normal” than
the “compact” cases analyzed in Section 3.

The meshes for these test cases were generated using a guaranteed-quality mesh-
ing scheme [6]; all triangles had angles between 30 and 120 degrees. While these
are excellent meshes, they are far from being uniform and equilateral, providing a
realistic test of our schemes for practical meshes. For the advection-diffusion cases,
steady solutions for the unsteady problem were obtained by using Runge-Kutta time
advance with local time stepping. Clearly this is not the most efficient approach
because of the severe time step limitations on explicit methods for the advection-
diffusion equation. However, for our purposes — investigating the accuracy of the
spatial discretization scheme — efficiency was not an issue, and convergence was
not difficult to achieve. We computed error in each control volume by compar-
ing the computed solution with the average of the exact solution; the average was

calculated by using a sixth-order accurate Gauss quadrature.

4.1. Flux Integral Tests for the Laplacian

We begin with an experiment designed to confirm that the accuracy of flux in-
tegrals computed using our scheme for the Laplacian is consistent with the analytic
results of Section 3. For both vertex-centered and cell-centered control volumes,
we computed flux integrals on a sequence of meshes in a unit square. The initial
solution data was

¢ (2,y) = sin (7z) sin (my) ,

implying homogeneous Dirichlet boundary conditions on the solution. In each case,
the flux integrals were computed for all control volumes, and compared with the
average of the Laplacian of ¢ (where V¢ = —272¢); the results are presented
in Figure 6. For both cell- and vertex-centered schemes, the accuracy of the flux
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integrals approximately matches the accuracy of the reconstruction, even in the Lo,
norm. This result exceeds the expectations of the analysis of Section 3. This result
is perhaps not too surprising for the linear- and cubic-reconstruction cell-centered
schemes, whose analytic accuracy was reduced by a symmetry in the uniform mesh
used for the analysis; these cases appear to benefit from less than completely regular

meshes.

[FIG. 6 about here.]

4.2. Advection-Diffusion in a Rectangular Channel

This case solves the two-dimensional advection-diffusion equation, Eq. (11), in
a rectangular channel of length L = 3 in the z-direction and unit height in the
y-direction, with constant velocity of (u,v) = (ug,0) and a diffusion coefficient of
a = 0.01.* The boundary conditions for this case are

T(z,0) =T (z,1) = 0
T(0,y) = sin(my)
OT(Ly) _
or

The exact solution for this problem is

roexp (riz + roL) — ryexp (ri L + rax)
roexp (roL) — r1 exp (r1 L)

6 (,y) = sin (my) [

where

Solutions for this problem were computed on three meshes using linear, quadratic,
and cubic reconstructions. Figure 7 summarizes the results for this test case; the
tabulated values are norms based on the two finest meshes for each case. As the
plots indicate, the convergence of the computed solutions to the exact solution
with mesh refinement is not entirely smooth. Nevertheless, in the L; norm, five
out of six combinations reach the order of accuracy of their reconstruction, an
indication of the de facto behavior of the discretization scheme. This result is a
pleasant surprise for both quadratic schemes, where analysis of the diffusive terms
suggested that second-order accuracy was the best we could expect. While it may
be that further mesh refinement would eventually reveal the presence of a second-
order truncation error term with a very small coefficient for these two cases, on the
practical level, we are content, as the standard of accuracy achieved in these tests

is tighter than typically needed in applications. The one exception to the otherwise

4This diffusion coefficient is the equivalent of 1/Re for a viscous flow.
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excellent behavior of these schemes is the cell-centered cubic reconstruction scheme,
which fails to achieve fourth-order convergence for this test case; a handful of cells
with comparatively large error persist at the outflow boundary.

[FIG. 7 about here.]

4.3. Advection-Diffusion in an Annulus

[FIG. 8 about here.]

Now we turn our attention to a case with curved boundaries. In this case, the do-
main is an annular segment, as shown in Figure 8. At the inflow, the boundary con-

wlnr
In2

other boundary conditions are shown in Figure 8. With this data, the advection-

dition is given by T (r,6 = 0) = sin ( ), and the velocity is (vr,vg) = (0,uo/7);

diffusion equation in cylindrical coordinates is separable, and the solution is given
by

wlnr) s1exp (515 + s26) — saexp (525 + 516)
In2 siexp (s1Z) — saexp (s23)

T (r,0) = sin(

where

up £ \/ud + (i’:—g)Q

2x

51,2 =

Note that, although the solution is given in terms of r and 8, we solved the problem
numerically by using the Cartesian advection-diffusion equation. For this problem,
the boundary shape is treated exactly, but the use of cubic splines to describe the
boundary would not affect the order of accuracy of the solution.

As discussed in Sections 2.2 and 2.3, care must be taken with boundary con-
dition enforcement in the presence of curved boundaries. Figure 9 shows the re-
sults obtained for this case when boundaries are treated correctly. In all cases,
despite some noise in the error norm data, the nominal order of accuracy of the
scheme was achieved, except that the maximum error for the vertex-centered, cubic-
reconstruction scheme is somewhat poorly behaved. An examination of the error on
the finest mesh for this scheme reveals that the only errors of consequence occur at
the outflow boundary, although there is no obvious mesh anomaly that might cause
discretization problems. Note that the maximum error is much better-behaved
asymptotically than for the straight channel case, essentially ruling out a blanket
problem with Neumann boundary conditions in our scheme. Consistent with this
inference, a post-check of solution values at the boundary confirms that the solution
precisely satisfies the boundary conditions at the Gauss quadrature points and con-
verges to zero at other points on the boundary at the same rate as the truncation

error decreases.

[FIG. 9 about here.]
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We now examine the difficulties which arise when the curved boundaries of
the computational domain are approximated by straight line segments between
vertices. Geometrically, we know that the difference in location between the curved
boundary and the straight line segments will be O (A?), where A is a typical
boundary edge length. This implies that boundary conditions will be enforced
at points that differ by O (Az) from the correct locations and that second-order
errors in the solution should arise. This is precisely the effect observed in numerical
experiments, as illustrated in Figure 10, which clearly illustrates the general result
that none of the high-order schemes achieve their nominal order of accuracy with
straight boundaries, even in the L; norm. Also, none of the high-order schemes
achieve more than second-order accuracy in the L, norm, and for some schemes
the Lo.-norm of the error behaves as first-order accurate or worse.

Simply reading a set of boundary points from a file is clearly insufficient to
achieve high-order accuracy. The implication — which applies for high-order ac-
curate schemes generally — is that boundary information must be available to the
solver for pre-processing control volume moments and boundary integration data.
Whether that data is read or recovered from boundary points is immaterial, pro-
vided that the shape of the boundary used in pre-processing is at least as accurate

as the desired discretization accuracy.

[FIG. 10 about here.]

5. CONCLUSIONS

We have described a new scheme for high-order accurate solution of the advection-
diffusion equation using reconstruction. Our discussion focused on least-squares
reconstruction; other reconstruction techniques, including ENO/WENO schemes,
should work as well, although our analysis would not be directly applicable for
those cases. We have also presented accuracy analysis of our scheme applied to the
Laplacian operator on a uniform, equilateral triangular mesh, with the following

conclusions:

1. Analytically, the full reconstruction order of accuracy was demonstrated for
vertex- and cell-centered schemes based on linear reconstruction (second-

order) and for the vertex-centered cubic reconstruction scheme (fourth-order).

2. For both vertex- and cell-centered schemes, the quadratic reconstruction vari-
ants show, under analysis, a second-order term in their truncation error,

whereas the reconstructed solution is third-order accurate.

3. Finally, the quadratic and cubic reconstruction cell-centered schemes have
leading-order error terms (first- and third-order, respectively) that are associ-
ated with degeneracies in the reconstruction. This degeneracy occurs because
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some pairs of terms in a Taylor series expansion of the solution can not be
distinguished from one another by symmetric stencils on a uniform, triangular

mesh.

We also presented a new approach for boundary condition enforcement. Boundary
conditions are enforced at boundary flux integration points by constraining the
reconstruction in boundary control volumes to precisely match those conditions.
This approach was used for all examples in the paper, and proven to work well.

Finally, we presented the results of several numerical experiments. These exper-
iments show that our schemes appear to perform better in practice than the analysis
suggests. In the case of the high-order cell-centered schemes, the degenerate terms
in the Taylor series expansion are no longer degenerate with an irregular mesh, so
that result is not unexpected. The quadratic schemes outperform analytic predic-
tions to achieve third-order accuracy, at least to the error levels considered here.
Finally, the numerical experiments illustrated the proper behavior of the boundary
constraints we impose during reconstruction.

Our next step in this research is to optimize the convergence behavior of our
schemes as applied to the Navier-Stokes equations to enable efficiency comparisons
of schemes of different orders of accuracy at the same error level.
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FIG. 2 Cell-centered control volume at the boundary, including Gauss integration
points.
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FIG. 3 Gauss quadrature for interior control volumes.
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FIG. 4 Coordinates and vertex labels for vertex-centered analysis.

28



FIG. 5 Coordinates and cell labels for cell-centered analysis.

29



®—e Linear reconstruction | |
--m Quadratic reconstructidn 3
A--A Cubic reconstruction | 3

2| .
> N
£ S - \‘\‘\
-1 S S
ERG -
= 10 Y <
g - .
] EN
. .
..
782 Sa ]
10 100 1000 10000 1e+05

Number of control volumes

(a) Flux integration accuracy for cell-

centered schemes

10"
L @ Linear reconstruction | |
E u--m Quadratic reconstructign 3
E A Cubic reconstruction | 3
107
s
s
g
=
S E
2l
= 10
= »
2 N -
@ £ 'S >
4 F N
3 F
iy o]
10 <
A
£ A
10 100 1000 10000

Number of control volumes

1e+05

(b) Flux integration accuracy for
vertex-centered schemes

| Mesh ||

Cells | Verts ]

A

92 62

B

366 213

C

134 727

D

5308 | 2756

E

21091 | 10744

Reconstruction
Order

Actual Order (Cell)

Actual Order (Vertex)

L | L

[ L [ L[ Do |

L

2

2.05 | 2.06

1.78 2.12

2.07

1.56

3

3.16 | 3.25

3.08 3.61

3.52

3.14

4

4.19 | 4.18

3.85 4.22

4.12

3.55
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FIG. 8 Geometry and boundary conditions for annular test case; the inflow bound-
ary condition is given in the text.

32



L1 error in solution

T R Quadrate resonsinuidn | = Quadrate resonsinidn |
10°E .““;““‘ A4 Cubic reconstruction 3 A4 Cubic reconstruction 3
(a) Convergence for cell-centered (b) Convergence for vertex-centered
schemes schemes
| Mesh [| Cells | Verts ]
A 62 42
B 246 145
C 985 537
Reconstruction || Actual Order (Cell) || Actual Order (Vertex)
Order L1 | L2 | Loo L1 | L2 | Loo
2 2.17 | 2.18 2.39 1.98 | 2.08 2.10
3 3.48 | 3.31 3.42 3.25 | 3.27 3.06
4 3.78 | 3.74 | 3.46 4.14 | 4.17 2.63

FIG. 9 Results for annular test case

33



AVF

2
K]

A A

eSS
s
AV

N\
P
)
I
2K év
vasl
X
b
™)
V/
AN

N
V]
‘4

2\
A
1%
X
AN
/>
TR
N
ok
Va

Vév
<)

%)
\/
KK

i
<]

2.5e-03

2.0e-03

1.5e-03

1.0e-03

5.0e-04

0.0

(a) CV average error for cubic cell-centered
scheme, straight boundary segments (max er-

ror 2.52-1073)

L1 error in solution

5

YO N
‘gh <<
O]
N
\/

7%

bave

N
SR
B
DAY
IVANVA SVAY
D

K
RS
REALE
;

X

o

WK

VAN AV

X
o

VéVA

/N
WA
Yo
N

)
KK
A
S
s
</
K
YAV
il
4
KK
Xg
&
N

7]
7

x
Vi%
XK

VAV
SN/

N
G
'éi

N
]

2\

JAN
AV

|

N/
o
A,
N
K

VA

(b) CV average error for cubic cell-
centered scheme, curved boundary
(max error 4.96 - 10~4)

— ‘ ]
4—a Cell, quad, curved bdry] -
e—e Vert, cubic, curved bdry |

b
T T T TG
\d

A-4 Cell, quad, straight bdr
e-e Vert, cubic, straight bdr}

.
1000

Number of control volumes

(c) Representative convergence
traight versus curved boundaries

comparison for s-

FIG. 10 Errors induced by treating curved boundaries as straight. (Error maps
shaded with same scale.)

34



List of Tables

1 Stencils and truncation error for Laplacian on a vertex-centered mesh. 36
2 Stencils and truncation error for Laplacian on a cell-centered mesh. . 37

35



Recon type Linear Compact Normal Cubic
quadratic | quadratic
Recon stencil | B (1/n?) | B (1/h%) | B (1/h?) B (1/h?)
(weight) C (1/4n?) C (1/4n7)
D (1/3h?%) D (1/3h?%)
Leading T.E. | irV2V2 | 15V2V2 | rV2V26 | - VIV2V26
— gm0t (9)
Multiplier B oy T IO
Genus A (1) 6 ~66 29984 78894
Genus B (6) 1 10 1799 4976
Genus C (6) 1 -1 674 4349
Genus D (6) 1 2 1212 6006
Genus E (6) — — -63 -678
Genus F (12) — — 46 -752
_ 9% ¢ ¢ %
where A (9) = Ox8 Ox*0y>? + 150:1:283/4 oy
TABLE 1

Stencils and truncation error for Laplacian on a vertex-centered mesh.
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Recon type Linear Quadratic Compact Normal
cubic cubic
Recon stencil | Q (3/h?) | Q (3/h?) Q (3/h%) Q (3/n%)
(weight) R (1/h?) R (1/Rh?) R (1/h?)
S (3/4h?)
T (37707
Leading T.E. | 5V2V%¢ | LOB(9) h;of VIB(¢) | LA V2B (9)
+%v2v2¢ 288 v2v2v2¢ _Gfggg v42v2v2¢
+5’}YLGO‘A(¢) _0{18036; A(¢)
Equivalent Laplacian Stencil
Multiplier %% q% # hL
Genus P (1) -6 -15 -42 -6.1150
Genus Q (3) 0 3 4 0.6985
Genus R (6) 1 1 7 0.6371
Genus S (6) -1 0.05565
Genus T (3) -2 0.1188
Genus U (6) — -0.04919
Genus V (3) — — — -0.01368
Genus W (3) — -0.05244
o8 o° o8
where A(¢) = 8—.7:(2 — 9210y7 —+ 158x2§y4 - B—yf
_ . %9 %9
TABLE 2

Stencils and truncation error for Laplacian on a cell-centered mesh.
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